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The failure of the multisolution direct-methods program MULTAN to solve six crystal structures is 
analysed in terms of a distinction between the general strategy and the particular tactics of solution. 
Consideration of the interaction between the number of large E values chosen to define the structure and 
the number of ~2 relationships among their phases, and the way in which MULTAN's choice of a 
partial set of ~.2 relationships limits the achievable accuracy of phase determination, leads to the con- 
clusion that the best tactics are to use only as many E values as necessary but as many ~2 relationships as 
possible. Different methods of calculating E values, and the use of ~1 phase indications, are briefly dis- 
cussed. The tactic of starting with more unknown phases, its effect on phase development, and the limita- 
tions set by the strategy of independent phase permutation, are examined. Finally, it is shown that there 
exist structures impossible to solve with MULTAN, probably because the tangent formula itself is 
inadequate, causing the phases to diverge from their true values under its operation. Directions along 
which to seek improved future strategies are suggested. 

Introduction 

The multisolution method of phase determination 
using convergence mapping and the tangent formula 
which is embodied in the computer program MULTAN 
has been very successful in solving centrosymmetric 
and non-centrosymmetric crystal structures containing 
up to 50 or 60 atoms in the asymmetric unit. Some- 
times, however, MULTAN fails; that is, no set of 
phases yields an E map in which all or most of the 
molecule, or even a recognizable fragment, appears. 
It is of practical importance to go back and analyse 
such a case after the structure has been somehow 
solved and try to determine whether MULTAN was 
capable of solving that particular structure or 
whether other, perhaps more powerful methods were 
necessary. Some results from the analyses of six struc- 
tures, all of which MULTAN initially failed to solve, 
are presented below. 

Strategy and tactics 

It is useful when discussing the successes and failures 
of any method of crystal structure determination to 
draw a distinction between the general strategy of solu- 
tion, that is, the theoretical basis of the method and 
the algorithms used, and the particular tactics em- 
ployed in a given case, that is, the actual values chosen 
for variable parameters and the specific path along 
which the solution is sought. The strategy being more 
or less fixed, tactics may vary according to considera- 
tions set by the particular problem to be solved, com- 
puting limitations, and previous experience or rules of 
thumb. The full power of a general strategy can only 
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be exploited by the use of optimum or at least good 
tactics; one must also have some ideas of appropriate 
changes in these tactics in case of failure. A schematic 
listing of the steps in a structure determination using 
MULTAN, drawing this distinction explicitly, is set 
forth in Table 1 (Germain &Woolfson, 1968; Germain, 
Main & Woolfson, 1970, 1971; Declercq, Germain, 
Main & Woolfson, 1973; Koch, 1974; Main, Woolf- 
son, Lessinger, Germain & Declercq, 1974). 

Since MULTAN was designed to make structure 
determination as automatic as possible, the number 
of tactical choices is quite small. (A number of such 
choices are either embedded in the programs as fixed 
parameters or are given default values, which the user 
can override.) These few choices can be crucial to the 
success or failure of a structure determination, but 
rules of thumb for good choices of the parameters are 
not always widely known. More importantly, the 
reasons for particular choices and their effects on the 
operation of the program have not been well apprec- 
iated. 

The following discussion of tactical choices will be 
illustrated by the examples in Tables 2-7, which for 
the following six structures show the conditions of 
either success or failure using MULTAN, with various 
figures of interest associated with each case: (1) INOS, 
cis-inositol monohydrate (Freeman, Langs, Nockolds 
& Oh, 1976), (2) LITH, lithocholic acid (Arora, 
Germain & Declerq, 1976), (3) MINA, 2-methoxyiso- 
nitrosoacetanilide (Font-Altaba, Miravitlles, Brianso, 
Plana & Solans, 1976), (4) RR, 3,3-dimethyl-4,5,9,10,11, 
12-hexacarboxymethyltetracycl o[7,2,1,02'4,02'8]dodeca - 
5,7,10-triene (Declercq, Germain & Henke, 1973), 
(5) TPH, tetraphenylhydrazine (Hoekstra, Vos, Braun 
& Hornstra, 1975), (6) AZET, 3-chloro-l,3,4-triphenyl- 
azetidin-2-one (Colens, Declercq, Germain, Putzeys & 
Van Meerssche, 1974). 
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In  order  to p repare  these tables,  an ex tended and  
modif ied  vers ion of  M U L T A N  was used which  at  each 
po in t  in the  procedure  compares  es t imated  or cal- 
cu la ted  quant i t ies  wi th  thei r  t rue  values found  by 
us ing pub l i shed  phases  for  the ac tual  s t ructure,  
possible  changes  of  origin a n d / o r  e n a n t i o m o r p h  f rom 
those  ini t ia l ly  defined being t aken  in to  account .  In  the 
tables  which  follow, phases  developed by M U L T A N  
are des ignated  PHI ,  pub l i shed  phases  P U B ;  the 
n u m b e r  o f  smal les t  E values used to  ca lcula te  the 
~0 figure o f  meri t  was 48 for  R R ,  50 for  all o ther  
cases;  the  relat ive weights  used to ca lcula te  C F O M  
were a lways  t aken  as 1.0; the  n u m b e r  o f  large peaks  
saved when  E maps  were ca lcula ted  was a lways  2 x 
N A T .  

Calculation of E values 

The  m e t h o d  used to ca lcula te  E values m a y  i tself  be a 
decisive fac tor  in the success or fai lure o f  a s t ruc ture  
de t e rmina t ion  a t t e m p t  by  MULTAN,  as can  be seen 
for I N O S  (Table  2, case 1 vs. cases 5 and  6). E-set 1, 
used in the  or iginal  unsuccessful  a t t e m p t  to solve the 
s t ruc ture  by  direct  methods ,  was ca lcula ted  by  the  
K-curve m e t h o d  (Karle ,  H a u p t m a n  & Chris t ,  1958) 
using the fo rmula  

IEhlZ = K(s) IFhlZ/e ~ f~(s) 

where  s = s i n  0/2. F o r  I N O S ,  essent ia l ly  the ent i re  
molecu la r  geomet ry  was k n o w n  be fo rehand ,  and  a 
bet ter  way of  t ak ing  this  in to  accoun t  was used to 

Table  1. Schematic listing o f  the steps in a structure determination using M U L T A N  

Strategy 
(1) Compute normalized structure factors E for 
the entire data set with the auxiliary program 
NORMAL. Order the E values by magnitude. 

(2) Choose the largest E values for phase deter- 
mination by MULTAN. 

(3) Find all ~2 relationships among the NUMB 
E values. Retain the ~2 relationships with the 
largest values of tc=2a3a~a/2lEhEkEh_k I. 

(4) Find all Y l relationships, if any, among the 
NUMB E values. Accept phase indications with 
probability > a limit PROB. 

(5) Construct a convergence map of the NSRT 
~2 relationships. This yields a starting set of 
phases which comprises any accepted from ~1 
indications, those phases used to define the ori- 
gin, to which particular values are given, and a 
number of unknown phases assigned multiple 
values which are permuted. The enantiomorph 
is defined by an appropriate phase restriction. 
The rest of the convergence map defines the order 
in which phase determination is attempted. 

(6) Determine phases using a weighted tangent 
formula and refine to self-consistency. Details of 
the slightly complicated strategy used in this sub- 
routine (FASTAN) will not be discussed here. 

(7) Rank each phase set on a combined figure of 
merit (CFOM) based on a weighted sum of its 
relative absolute figure of merit, relative gt0 figure 
of merit, and relative residual. 

(8) Using auxiliary programs, compute Fourier 
transforms of the most promising phase sets, 
search for all peaks, save the highest ones, cal- 
culate distances and angles involving these, and 
attempt to interpret the E maps, applying the 
geometrical constraints of structural organic che- 
mistry. Strategies for the efficient interpretation 
of E maps, and methods for completing partial 
structures, will not be discussed here. 

Tactics 
Use of as much molecular geometry 
as is known to compute spherically 
averaged molecular scattering factors. 

Choice of the number of large E val- 
ues (NUMB). 

Choice of the number of Y2 relation- 
ships to retain (NSRT). 

Choice of the Y l probability accep- 
tance limit PROB. 

Major considerations 
The extent to which molecular 
geometry is known prior to 
structure determination. 

The number of atoms in the 
asymmetric unit (NAT). 

The total number of ~2 rela- 
tionships (NSRTOT) ; the maxi- 
mum number which can be 
stored (NSRMAX). 

Previous experience; difficulty 
in solving the structure. 

Choice of the number and type of un- 
known phases. The user specifies that 
these consist of NSPEC special 
phases (permutations restricted to 
~0Sl, eC, ~0SPEC + 180 °) + NGEN general 
phases (phase permutations 45 °, 135 °, 
225 °, 315°)+ NANY phases of either 
sort. 

The values of certain parameters are 
fixed in the program, not set by the 
user. These will not be discussed here. 

Choice of the relative weights for ABS 
FOM, PSI ZERO, and RESID. De- 
fault values are 1-0,1.0,1.0, putting 
CFOM in the range 0.0-3.0. 

Choice of the number of E maps to 
calculate and examine. Choice of the 
number of large peaks to save. (The 
default action is not to print the entire 
E map, but rather only a projection 
of the peaks saved, the number of 
which is taken as 1-2 x NAT.) 

The total number of phase sets 
which will need to be developed 
(NUMSET); the presence of 
weak links in the convergence 
map. (If special circumstances 
seem to warrant it, the user 
may specify explicitly any or all 
of the reflexions in the starting 
set rather than accepting the 
choices made automatically by 
MULTAN.) 

Speed of phase development, 
hence the use of a weighted 
tangent formula; caution in the 
initial steps, hence the attempt 
to ensure that phase develop- 
ment follows the most probably 
correct path. 

The space group of the struc- 
ture. In space groups without 
screw axes or glide planes, ABS 
FOM may be given less and 
PSI ZERO more weight. 

The figures of merit of the 
phase sets; whether or not the 
combined figures of merit clear- 
ly distinguish among the phase 
sets. Note that various recycl- 
ing procedures may sometimes 
succeed in extracting the cor- 
rect structure even from quite 
unpromising fragmentary E 
maps. 
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calculate E-set 2, employing a modified Wilson plot 
based on the equation 

IEhlZ=k exp (2BsZ) lFhlZ/e ~ gZ(s) 
where g is the spherically averaged molecular scattering 
factor calculated from the formula (Debye, 1915) 

g~(s) = ~ ~f~( s ) f~ ( s )  sin (4rcsru)/arcsr u , 
i j 

r u =dis tance  between atoms i and .i. 
The two sets of  E values are quite different, as the 

following few examples show: 

h k l E -  1 E - 2  
0 0 4 4.78 3.96 
0 0 8 2-35 1.46 
4 0 0 3.42 3.49 

7 1 - 16 3.26 3.55 
8 1 l 1 2-87 3.43 
1 3 13 3.96 3-04 
2 3 0 3.68 3.82 
7 3 - 7 4.25 3.53 
7 3 - 3 3.00 2.66 
7 3 5 3.40 2.84 
5 4 - 1 2.86 3-75 
0 6 0 2.64 3.21 
0 8 1 5.03 4.03 
0 8 3 3.16 2-53 
6 8 - 9  2.78 3.33 

In particular, reflexion 008, for which there is a strong 
but incorrect ~ ,  indication in E-set l, is no longer 
among the 260 largest E-values chosen from E-set 2. 

Table  2. INOS" C6HtzO6. HzO, P21/n, Z = 8 ,  NAT--- 12+ 1 + 12+ 1 =26 

STARTING" SET 
CASE PARAMETERS ' (NO ENANTIOMORPH FIXIN@ NEEDED) 

TYPE & k I PHI PUB 
I I I I I I 

SIGMA-2 0 6 0 180, P=I .000 180 
NUMB 260' SIGMA-1 ' 008360, P=O.99918o 
NSRT 2462 40 0 180'3P=0"99260 ' 180 ' 

1 NSRTOT 2462 ' ORIGIN ' 73 -7 ' 360 ~ 
CONVERGE DEFINING 083 180 180 

(E- PROB 0.95 PHASES 'j 1 4 -4 ~60 , ~360 
SET NSPECINGEN~NANY O~O,6 ' O u 1 ~ 360,180 180 ' 

1) ~ FASTAN 230 360,180 360 
NUMSET 64 PERMUTED 7 1 8 36o,18o 360 

PHASES 44-14 360,180 180 ' 
31 -4 36o,18o 18o 
54 -4 3eo,18o 18o 

! i ! i i i ! 

SIGMA-2 SIGMA-1 060 , 180~3zP'/~1uv .000 , 180 
NUMB ! 260 ' ORIGIN ' 7 3  -7  360 
NSRT 2462 DEFINING 08 3 180 180 

2 NSRTOT 2462 PHASES 1 4  -4 360 , ~60 
CONVERGE 0 8 1 ' 360,180 180 ' 

(E- PROB 1.00 23 o 360,18o 360 
SET . NSPEC!NGEN!NANY .01016. PERMUTED 4 0 0 360,180 180 
1) FASTAN PHASES 7 1 8 360,180 360 

NUMSET ' 64 ' ' 3 I -4 ' 360,180 ' 180 ' 
54 -4 360,180 1801 

! i i t i i 

I SIGMA-2 SIGMA-1 0 6 0 180, P=I.0OO 180 
NUMB 260" ' 400180'3P=0"99660180 
NSRT 2386 ORIGIN 73 -7 ' '36o 

3 NSRTOT 2~86. DEFINING 0411 360 360 
CONV~JE PHASES 1 4 -4 ~6o , ~6O 

(E- PROB 0 . 9 5  O O 4 '  360,180 180" 
SET. NSPEC,NGEN,NANY 0,O,3 ~ PERM~ 230 360,180 360 
2) FASTAN PHASES ' 7 -1 ' 360,180 '360: 

NUMSET 8 ' 

SIGMA-2 SIGMA-1 060180, P=l.000180 
NUMB 260' i 4 0 0 '180'3P--O'99660 1~o 
NS~T 2386 ORIGIN 7 3-7 36o 

4 i NSRTOT 2~86 DEFINING 0 4 11 360 36O 
i CONVERGE ' PHASES 14 -4 ~60 ~60 

(E- PROB ' 0.95' ' O O 4 ' 360,180 '180 
SET I NSPEC?NGEN,NANY,O,O,4 , PERMUTED I 2 34 O I 360,180 1360 
2) FASTAN " PHASES 7 -1 360,180 360 

NUMSET i 16 ' 3 1 -4 ! 360,180 180 
I i I I I I I 

SIGMA-2 i , SIGMA-1 060180, P=I.000180 
NUMB 26O, I 4 O O 1180'3P:O'99660 ~801 
NSRT 2386 ORIGIN 73 -7 360, 

5 NSRTOT 2~86 DEFINING 0 ~ ~ 360 360 
CONVERGE i ; PHASES 11 I 360 ~60 

(E- PROB 0.95 004 360,180 1180 I 
SET I NSPEC~NGEN~NANY,O,O,5 ! PERMUTED I 2 43 O I 360,180 1360 
2) FASTAN PHASES 7 -1 360,180 3601 

NUMSET 32 ' ' 3 1 -4 360,180 180 
73 1 360,180 180 1 

SIGMA-2 SIGMA-I 0 6 0 180, P=I.000 180 
; ;4001180'3P=0"996601180 

NSRT ORIGIN 70 ~-7 360 
• DEFINING i 11 360 360 

CONVERGE PHASES 1 4 -4 ;~60 360 
(E- PROB 0.95 0 0 4 360,180 180 

2 3. o 36o,18o 36o SET I NSPEC~NGEN~NANY!O,O,6 ~. I 7 360,180 360 

NUMSET ' 64' PHASES ' 7 3 5  360,180 360 
3 1 - 4  360,180 180 
7 3 1 360,180 180 

NUMB ' 260 
2386 

6 NSRTOT 2386 

2) FASTAN PERMUTED 

q 
RESULTS MEAN E-MAP~ 

PHASE SET i F I ~  OF MERIT ',PHASE CORRECT PEAKS 
CONSIDER~n ABS FOM PSI Zi~O RESID ERROR! TOTALI PEAK NUMBERS 

ALL 64: MAXIMUM 1.1172 - 40.1588.6 
MINIMUM 0.670) 29.58 52.1 

CFOM 1: 2.9986 :1.1166 - 29.5884.8 
OFOM 2-9: 2.9511- 1.1159- - 30.02- 84.5- 

2.9558 1.1172 30.1085.2 
CFOM 10-12: 2.5698- 1.0217- - 31.82-82.7 - 

2.5744 1.0249 31.9485.2 
CFOM 13-21: 1.9980- 0.9649- - 36.37- 52.1- 

2.02890.9802. 36.93. 58.8 
PUBLISHED PHASES 1.1809 - 18.74 O.7" 

PUB REFINED BY FASTANI1.1810 - 18.80 0.O 

FAILURE 

ALL 64: MAXIMUM 1.1171 
~ N I ~ M  , 0 . } } } }  

CFOM 1: 2.9383 1.O811 

CFOM 2-4: 2.7431- 1.1170- 
2.?4~7 , 1.1171 

PUBUsazo PHASES 1.18o9 
PUB REFINED BY FASTAN 1.1810 

I 

ALL 8: MAXIMUM 
MINIMUM 0.6800 

45.7191.4 
24.70 ,~6.1 
24.7066.6 

CFOM I: 2.1338 
CFOM 2: 2.0978 
C~DM 3: 1.3091 
CFOM 4: 4.3012 
CFOM 5: 1.2116 
PUBLISHED PHASES 

PUB REFINED BY FASTAN 

ALL 16: MAXIMUM 
MINIMUM 

CFOM 1: 2.1305 
CFOM 2: 2.1052 
CFOM 3: 2.0981 
CFOM 4: 2.0778 
c;oM ~: 1.~o71 
PUBLISHED PHASES 

PUB REFINED HY FASTAN 

ALL 32: MAXIMUM 
MINIMUM 

CFOM 1:2,~71 
CFOM 2: 2.9223 

CFOM 3: 2.2007 '1.0335 
CFOM 4: 2.1931 11.0}}} 
PUBLISHED PHASES 1.1o3o 

PUB REFINED BY FASTAN 1.1049 

ALL 64: MAXIMUM 
MINIMUM 

CFOM 1,2: 2.9~32 
CFOM 3,4: 2.9392 

C~M 5-8: 2.3O13- 
2.~97 

PUBLISHED PHASES 
PUB REFINED BY FASTAN 

3O.O8- 85.2- 
1711 , ~0.10, 8~.2 

1~.74 0.7" 
18.80 0.0 

i i i 

1.133o 765.0  44.05 86.9 
0.6800 , ~11.7 ,26.9661. 9 
1.1330 704.4 26.96 '82.4 
1.0OO1 494.8 29.64 83.8 
0.6800 311.7 36.0086.9 
0.7592 341.7 37.5381.4 
0.9713765.0 32.6061.9 
1.1030 209.1 19.99 . o.7" 
1.1o49 217.3 19.85 i o.7 

1.1334 765.0 39.7386.6 
0.686~ ~o 26.9661.6 
1.133o 7o~:~ r26.96 '82.4 
1.1334 709.9 27.1483.8 
1.0002 495.2 29.3684.1 
1.0001 494.6 29.6383.8 
0.7843323.8 35.48 !80.7 
1.1030 i 209.1 '19.99 ' O.7" 
1.10491217.3 19.85 0.7 

I I I 
1.1334 765.0 41.1788.6 
06780 2176 198~ 0. 7 
11:1o48 I~17:6:1~:8~:o7 
1.1047 222.9 19.95 1.4 

11.0335 1357.5 126.77172.0 
~60.8 26.8072.O 

1209.1 119.991 O.7" 
217.3 19.85 0.7 

1.1334 965.0 45.22 88.6 
0~21~ 2176 198~ o? 

" I " I " I " 1.104~ , 217.6 i l q . . .  185 O. ? 
1.1047 222.9 19.95 1 .~ 

1.0334- 357.5- 26.74- 72.0- 
1.o~37 ~6O.8 26.8o 72.0 

1.1030 1 209.1 119.99 0.7" 
1.1049 217.3 19.85 0.7 

12+1+'1-6,9-14,17,19,22- 
11÷1= 26,34,35,40,43,46, 
2547 (Ay = -0.33) 

,(PARTIAL SUCCESS) 

FAILURE 

I 

26 il-22,24,28,30,46 
26 '1-18,20-23,25,31, 
- I ~2'44 

26 !1-22,24,28,30,46 
26 '1-18,20-23,25,3!, 

32144 
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Choice of E and definition of the problem 

Assuming that we have calculated E values as best we 
can, MULTAN now makes the simplest choice among 
them, selecting the N U M B  largest. None of the other 
structure factors is considered at all in the phase 
determination, and it is only afterwards that ~0, which 
uses the smallest E values, is calculated as a figure of 
merit. Thus MULTAN is in effect determining phases 
for a 'structure' which is defined as the Fourier trans- 
form of the N U M B  chosen E values taken with the 
phases of the true structure, all other E values being 
taken as having zero magnitude. Since the user chooses 
this structure, he must know what properties it should 
have and how to ensure that it does have them. 

The crucial property is that a 1:1 correspondence 
can easily be made between the true structure and the 
defined structure; that is, the true atomic positions are 

recognizable among the highest peaks of the defined 
structure. Awareness of the necessity for this corre- 
spondence is usually expressed by asking how many 
E values are needed to make a good Fourier map of 
the structure. A common rule of thumb is to use at 
least 10 E values per atom to be found, which, if the 
phases are good, will certainly ensure that the true 
atomic positions are well defined in the E map. 

It is important, though, to ask as well how few E 
values will suffice to make a recognizable Fourier map 
of the structure. The number of E values chosen may 
be a critical number and not just a matter of con- 
venience when using MULTAN, and as will become 
clear from the discussion below, one wishes to take 
only as many E values as necessary. From the figures 
for LITH (Table 3, case 1), MINA (Table 4, case 1), 
TPH (Table 6, case 1), and, among other recent 
examples, 4-octadecynoic acid (C18H3202) , crocetindi- 

Table 3. LITH" C24H4003, P2~2~2~, Z = 4 ,  N A T = 2 7  

STARTING SET 
CASE PARAMETERS ENANTIOMORPH FIXED BY (E) 

TYPE h k 1 PHI PUB 

SIGMA-2 SIGMA-1 NONE WITH P ~ 0.9.5 - 
NUMB 199 ORIGIN 2 0 11 90 90 
NSRT 19'25 DEFINING 0 11 8 90 90 

NSRTOT 1~ PHASES 0 90 
1 coNVERGE ~ ~ 17 45,135,225,315 u.2 

PROB 0.95 PERMUTED 4 6 12 45,135,225,315 100 
NSPEC,NGEN,NANY 0.0.3 PHASES 1 I 1 45,135 (E) 95 

FASTAN 
NUMSET 32 

SIGMA-2 SIGMA-1 NONE WITH P ~ 0.95 - 
NUMB 270 ORIGIN 20 11 90 90 
NSRT 1620 DEFINING O 11 8 90 90 

NSRTOT ,5062 PHASES ~ ~ O ~O ~O 
CONVERGE 1 1 12 45,315 (E) 338 

PROB 0.95 PERMUTED 2 3 17 45,135,225,315 83 
NSPEC,NGEN,NAN~ 0,0,3 PHASES 1 1 1 45,135,225,315 95 

FASTAN 
NUMSET 32 

SIGMA-2 SIGMA-1 NONE WITH P ~ 0.9~ - 
NUMB 270 ORIGIN 2 0 11 90 90 
NSRT 1620 DEFINING 0 11 8 90 90 

NSRTOT .5062 PHASES ~ ~ 0 ~0 90 
CONVERGE 1 I 12 45,315 (E) 338 

PROB 0.95 PERMUTED 2 3 17 45,135,225,315 83 
NSPEC,NGEN~NANY 0,0,4 PHASES 1 1 I 45,135,225,315 95 

FASTAN 1 2 18 45,135,225,315 94 
NUMSET 128 

SIGMA-2 SIGF~-I NONE WITH P ~ 0.95 - 
NUMB 270 ORIGIN 3 5 0 90 90 
NSRT 4000 DEFINING O 2 23 180 180 

NSRTOT ,5062 PHASES 0 ~ 17 90 90 
4 CONVERGE 1 1 12 45,315 (E) 338 

PROH 0.95 PERMUTED 2 4 1 45,135,225,315 208 
NSPECINGENTNANY 0,0,3 PHASES 2 4 18 45,135,225,315 240 

FASTAN 
Nm~S~ 32 

SIGMA-2 SIGMA-1 NONE WITH P ~ 0.95 - 
NUMB 270 ORIGIN 3 5 0 90 90 
NSRT 4000 DEFINING 0 2 23 180 180 

NSRTOT .5062 PHASES 0 ~ 17 90 ~O 
5 CONVERGE 1 1 12 45,315 (E) 338 

PROB 0.95 PERMUTED 2 4 1 45,135,225,315 208 
NSPECINGENINANY 0~0~4 PHASES 1 12 4 45,135,225,315 210 

FASTAN 2 4 18 45,135,225,315 240 
NUMSET 128 

RESULTS MEAN E-MAPS 

PHASE SET FIGURES OF MERIT !!~ 
CONSIDERED ABS FOMPSI Z~ORESID ,S:(o) 

ALL 32: F&XIMUM 1.0915 534.1 38.59 87.2 
MINIMUM 0.6558 161.8 17.35 9.5 

CFOM 1: 2.9958 1.O897 161.8 17.35 9.5 

CFOM 4: 1.6026 0.~888 26~.~ 28.76 86.2 
PUBLISHED PHASES 1.O363 161.7 16.42 6.9" 

PUB REFINED BY FASTAN 1.0973 162.6 17.21 9.4 

ALL 32: MAXIMUM 0.9604 406.6 44.80 88.1 
MINIMUM 0.6~90 212.O ~.85 62. 5 

CFOM 1: 2.3613 0.9338 306.1 38.22 83.9 
CFOM 2:2.2748 0.9030 310.3 37.85 88.1 
CFOM 3:2.0046 0.8793 277.0 40.29 76.1 
CFOM 4: 1.8552 0.8793 281.5 41.17 77.6 
CFOM 5: 1.8261 0.8745 289.2 40.~6 73.7 
PUBLISHED PHASES 1.0807 164.8 32.35 10.5" 

PUB REFINED BY FASTAN 1.1330 172.2 32.28 11.7 

ALL 128: MAXIMUM 1.1330 443.6 45.31 89.0 
MINIMUM O.620~ 170.8 ~2.40 11. 7 

CFOM 1: 2.9938 1.1330 172.5 32.40 11.7 

CFOM 2: 2.9&67 1.1291 170.8 32.99 12.6 

C;OM }: 1.7512 0.9097 272.0 38.11 
PUBLISHED PHASES 1.O807 164.8 32.35 

PUB REFINZD BY PASTAN 1.1330 172.2 32.28 

ALL 32: MAXIMUM 1.0071 616.2 41.58 
MINIMUM 0.7462 355.7 35.45 

CFOM I: 2.2710 0.8842 384.7 36.35 
CFOM 2:2.1204 0.8518 4004.6 36.04 
CFOM 3:2.0815 0.8517 391.6 36.58 
CFOM 4:2.0310 0.9505 498.3 36.70 
CFOM 5:  1.8681 0.7462 39o.o 35.45 
PUBLISKED PHASES 1.0312 200.0 19.32 

PUB REFINED BY FASTAN 1.O737 201.0 20.22 

ALL 128: F&XIMUM 1.0798 636.2 41.72 
MINIMUM 0.6434 201.1 20.29 

CFOH 1: 2.9857 1.0739 201.5 20.29 

CFOM 2: 2.9845 1.0731 201.1 20.30 

CFOM 3: 2.9831 1.0743 201.7 20.35 

CFCM 4: 2.9829 1.0738 201.6 20.33 

CFOM 5: 1.6098 0.9388 ~99.O 33.41 
PUBLISHED PHASES 1.O312 200.0 19.32 

PUB REFINED BY FASTAN 1.O737 201.0 20.22 

Itl:~l):I lll~e]lll;lll i 'JW:|~II~IIII,~I;DII:I 

87.8 
10.5" 
11.7 

88.4 
50.4 
65.3 
80.7 
79.3 
64.2 
86.5 
6.2" 
8.3 

24 1-7,9,11-14,16,18, 
20,21,23,25,28,31, 
~2,~4J9,4o 

25 1-8,11-15,18-20, 
23,24,30,31,35-37, 
40.44 

23 :I-~,6-8,10-13,16, 
17,21,22,24,25,29, 
34,36,37,41,42,44 

FAILURE 

"2"2 1-12,14-18,20-24, 
28,30,3~,~8,40 

27 1-9,11-19,21,22, 
24,26,32,33,37,40, 
41 

- FAILURE 

88.3 
8.4 
8.4 27 1-19,21-23,35,36, 

42,46,50 
8.4 27 1-18,2o-22,24,35, 

36,42,45,51 
8.6 27 1-18,2o-23,32,33, 

40,43,45 
8.4 27 1-19,21-23,33,36, 

42,45,50 
86.4 - 
6.2" 
8.3 
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aldehyde (C2oH2402), 6-pyrazinecarboxamide 
(CsHsN30) (Mo, HjortAs & Svinning, 1973), and 
1,2: 3,4: 5,6-tris-(o,o'-biphenylene)borazine 
(C36Hz4B3N3) (Roberts, Brauer, Tsay & Krfiger, 1974), 
it is clear that the use of five to seven E values per atom 
to be determined may be quite sufficient, if the phases 
are close to their true values, to give a good, readily 
interpretable Fourier map, and that ten E values per 
atom should perhaps better be thought of as an upper 
limit. [Note that when the correspondence between 
the defined and the true structure, judged by the peak 
numbers of correct peaks in E maps made with pub- 
lished phases, is somewhat poor, as for RR (Table 5, 
case 1) and AZET (Table 7, cases 1 and 2), there is 
greater difficulty, as might be expected, in developing 
good phases]. 

Choice of ~2  and limitations on the solution 

The second property required of the defined structure 
is that the assumptions made in deriving the direct- 
methods formulae and phase relationships used by 
M U L T A N  hold sufficiently well for these to be applied 
to the defined structure. Essentially we require that 
Sayre's equation, and the related tangent formula, 
apply. When the number of E values per atom in the 
asymmetric unit is larger than about 5, Sayre's equa- 
tion or at least its angular part does in fact hold to a 
high degree of approximation, when all the terms are 
included in the summation. This can be seen by 
applying the tangent formula once to calculate, 
simultaneously, the phases of the N U M B  largest E 
values from their published phases, including all terms: 

Table 4. MINA: C9H,0N203, P2t2~2t, Z = 8 ,  N A T =  14+ 14=28 

STARTING SET 
CASE PARAMETERS - ENANTIOMORPH FIXED BY (E) | 

TYPE h k i PHI PUB 

sIGHA-2 , , Slm4A-1 NoNE WITH P >~ 0.9~ - 
N~MB 182 ORIGIN 17 3 0 270 270 
NSRT 1505 DFFINING O 14 3 360 560 

NS~TOT , 1,5o~, PHASES ? 18 o 90 F) 
CONVERGE 13 o 2 360,180 1 8O 

PROB 0.95 PERMUTED 12 3 2 45,135,225,315 341 
NSP~,~)NAN~O.O,3. PHASES 12 1 2 45,135 (E) 29 

FASTAN 
NUMSET 16 

SIGHA-2 SIGMA-1 NONE ~I~ P >~ 0.~ - 
NUMB 1 280' ORIGIN 17 3 0 270 270 
NSRT ; 15401 DEFINING 7 18 0 90 90 

NSm'Or i :~22o ~ PHASES o .,s 1 ~o 
CONVERGE 13 o 2 180 (E) 1 

PROB ' O.95'PERMU%~ 8 18 O 360,180 )60 
NSPE~,NGEN,NAN~,O,O.3. PHASES 12 8 4 ~5,135,225,315 76 

FASTAN 
NUMSET 8 

SICk-2 
NUMB 280 
NSRT 15~O 

NSRTOT i ~220 
CONVERGE 

PROB 0.95 
NSPEC)NGEN)NANI O,O,4 

FASTAN I 
NUMSET 32 

RESULTS MEAN E-MAPS 
PHASE SET FIGURES OF MERIT ' PHASE CORRECT PEAKS 

CONSIDERED ABS F~M ~PSI ZERO RESID ' ~ROR TOTAL PEAK NUMBERS 

16: MAXIMUM 1.0867 295.1 34.90 86.0 
MINIMUM O.72~ 162.1 I}.26 9.4 

CFOM 1: 2.9991 1.O~67 ' 162.2 15.26' 9.4 

CFOM 2: 2.6116 1.0383 ' 162.1 20.27 '13.5 

CFOM ~: 1.2606 
PUBLISHED PHASES 

PUB REFINED BY FASTAN 

8: MAXIMUM 
MINIMUM 

CFOM 1 : 2.O~1 
CFOM 2: 1.80OO 
C~0M 3: 1.6491 
CFOM 4: 1.59OO 
CFOM ~: 1.~283 
PUBLISHED PHASES 

PUB REFINED BY FASTAN 

SIGMA-I NONE WITH P >~ 0.95 - ALL 32: HAXIMUM 
ORIGIN 17 3 0 270 270 MINIMUM 

DEFINING 7 18 O 90 90 CFOM 1: 2.8230 

PHASES o ~ 1 ~0 '1908o 
13 0 2 360,180 CFOM 2: 2.8187 

Pm~m~ED 8 18 o 360,18o 360 
PHASES 12 8 4 45,135,225,315 76 CFOM 3: 2.8142 

1 4 1 225,315 (E) 537 
C ~'~DM 4: 2.8068 

SZOMA-2 , SIGMA-I NONE WITH P ~ 0.gp - 
NUMB 280' ORIGIN 17 3 0 270 '270 

NSRTOT ) ~220 PHASES 
CONVERGE 13 O i 360 80 180 

PROB 0.95 PERMUTED 12 3 2 45,315 (E) 341 
NSPEC~NG~,RANY,O,O,3 ~ PHASES 12 I 2 45,135,225,315 29 

FASTAN 
NUMSET 16 

SIGMA-2 , , SIGMA-1 NONE WITH P >~ 0.~ - 
NUMB 280 ORIGIN 17 3 0 270 270! 
NSRT 4000 DEFINING 0 14 3 360 3601 

NSRTOT , ~220 , PHASES 12 17 O 180 180 ! 
CONVERGE I I 13 0 2 360,180 180 

PROB 0.95 PE~UT~D 12 3 2 225,315 (E) 341 
NSP~)NG~)NANYO,O,3 ~ PHASES 12 1 2 45,135,225,3151 29 

FASTAN I 
NUMSET 16 ,I 

CFOM 5: 2.7925 

CFOM 6-8: 1.3666- 
1.4226 

CFOM 9: 1.3456 

O.7717 ' 168.9 31.38' 
1.O129 " 157.4 15.79 
1.0860 162.1 15.62 

i i 

0.8994 35o.2 46.~ 

0.8974 ' 335.8 40.91 ~ 
0.8567 331.1 41.95 
0.8568 350.2 42.15 
0.6644 219.9 43.50 
0.8402 339.2 42.90 
1.0933 ' 214.8 34.41 1 

1.16o7 i 2o8.7 53.4o 

i ' 
1.1612 387.2 47.58 
O6240 169.2 ~).~ 
1.1612 2,07.8 33.34 

1.1612 ' 208.3 33.36 

l 
1.1606 208.4 33.41 

1.1602 1 208.5 33.49 

i 
1.1594 210.1 35.58 

0.6795-' 192.0- 41.54- 
0.7~26 207.1 4~.20 

0.8753 ' 280.8 42.03 

13+12 1-6,8-17,21,23,26, 
=2~ 28-~2J6  
14+111-12,14,15,18,19, 

21,~,29°51,35,37, 

53.5 
7.9" 
9.3 

87.3 
60.0 
82.2 - 
79.5 
82.6 - FAILURE 
81.2 
79.7 
11.5" 
11.7 

86.8 
11. 

11.~ 14-I-13 1-15,17-24,26,34, 
:27 46,~6 

11.7 14+12 1-16,18-24,26,33, 
=26 46 

11.8 14+13 1-16,18-25,34,44, 
:27 ~2 

11.8 14.12 1-16,18-24,2G,34, 
:26 46 

11.8 14+13 1-16,18-24,26,34, 
=27 42,~4 

84.1- - 
8~.o 

58.6 

CFOM 10: 1.3177 0.8756 270.1 43.14 46.2 

CFOM 11: 1.2786 0.7284 ' 203.8 44.12 '79.8 
PUBLISHED PHASES 1.0933 214.8 34.41 11.5" 

PUB REFINED BY FASTAN 1.1608 208.7 33.37 11.7 
I I 

16: HAXIMI/M 1.1485 499.8 47.68 84.9 
MINIMUM 0.6442 , 216.6 29.60 , 11.2 

CFOM I :  2.9883 1.1485 219.9 29.60 11.2 

CFOM 2: 1.6578 0.8229 i 216.6 42.19 142.4 

C~ON ~: 1 . ~ 0  0.6714 ~ 222.8 41.83 184.9 
PUBLISH TM PHASES 1.0773 ' 223.7 ~1.10 '10.4" 

PUB REFINED BY FASTAN 1.1487 219.6 29.58 11.1 
i i 

A LL 16: MAXIMUM 0.9624 519.2 40.60 87.1 
MINIMUM 0.7937 278.7 34.}8 .36.1 

CFOM 1: 2.1656 0.8216 278.7 34.38 36.1 

CFOM 2: 1.9847 0.8174 ' 308.3 34.58 '36.8 

CFOM 3: 1.5994 0.9534 ' 445.2 38.45 177.6 
PUBLISHED FHAS~ 1.O923 22.8.0 21.21 7.8" 

PUB P~IN~n BY FASTAN 1.1180 236.5 21.73 9.3 

13+13 1-5,7-10,12-14,17, 
=26 19,25,28,51,34,36- 

39,43,44,47.55 
11+2 1-4,7,8,16,22,25, 
=1~ ~,~6,37,42 

14+14 1-14,16-24,26,27, 
=28 29.32,57 

12+7 1-3,6-9,12,13,18, 
=19 19,21,2.2,25,26,28, 

29.39142 

13÷12 1-12,19-19,21,23, 
=25 25-27,30,34,36,57, 

~6 
15+11 1-10,13-15,20,22- 
=24 24,27,29,34,35,42, 

46J~ 
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Kin, sin [~ok(PUB) + r#h_I,(PUB)] 

tan ~ou(CALC) = ~ ~Uk COS [~ou(PUB) + ~o._u(PUB)] ' 
k 

(NUMB such equations). 

Note that this is not a stepwise or iterative proce- 
dure, so that each calculated phase is independent of  
all the others. The phases returned differ only slightly, 
on average, from the input published phases. The 
mean absolute value of  the difference e(PUB)-  

Table 5. RR: C26H28012, Pn2~a, Z = 4 ,  N A T =  38 

STARTING SET 
CASE PARAMETERS ENANTIOMORPH FIXED BY (E) 

TYPE h k I ' PHI PUB 
l . i i i i 

SIGMA-2 600 180, P=0.997 180 
NUMB 221 SIGMA-1 12 O 0180, P=O.983180 
NSRT 1736 8360, P=O.9~1 360 

NSRTOT . 17~6 " ORIGIN ~ ~ 1' 275 '275 
CONVERGE . DEFINING ! 09 7 45 (E) ! 1 3  

PROB I o.95, PHASES I 1  ~ ~13!45,135,225,31545~315 i 2733 
NSPECTNGEN~NANY 010~2 PERMUTED 2 

I 

FASTAN PHASES 3 . 5145,135,225,315212 
; NUMSET 32 I 

SIGMA-2 60 o i  180, P=O.997 180 
I NUMB 221 SIGMA-1 12 O o i  180, P=0.983 180 

NSRT 1736 O O 8, ~60, P=0.951 ,~60 
NSRTOT , 17~6 ORIGIN 6 8 1 275 275 
CONVERGE DEFINING O 97 45 (g) 13 

PROB 0.95 PHASES 1 3 3  45,315 33 
NSPEC,NGEN,NANY 0,O,3 25 345,135,225,31527 

FASTAN PERMUTED ' 375'45,135,225,315'212 
NUMSET 128 " PHASES 49445,135,225,315353 

SIGMA-2 i O O 4360, P=0.999360 
NUMB 402 • SIGMA-1 60 O 180, P=O.998 180 
NSRT 2000 12 00 180, P=O.998 180 

NSRTOT 9~72. , O O 8, ~60, P=O.974 ,~60 
CONVERGE ORIGIN 253 27 27 

PROB 0.95 DEFINING 7118 45 (E) 15 
NSPEC,NGEN,NANY 0,0,2 PHASES 5177 45,31~ .~O2 

FASTAN PERMUTED 49445,135,225,315353 
NUMSET 32 PHASES 8 10245,135,225,315300 

SIGMA-2 004 360, P=0.999360 
NUMB 402 " SIGMA-q 6 0 0 180, P=0.998 180 
NSRT 2000 1200180, P=0.998180 

NSRTOT , 9~72 . , 0 0 81 ~60, P=0.974 ,~60 
4 CONVERGE ORIGIN 2 5 3  27 27 

PROB 0.95 DEFINING 71~ 8! 45 (E) 15 
NSPEC,NGEN,NANT.O,O,~ PHASES , ~ 17 ~, 45,~15 ,,302 

• FASTAN " ~ 9 ~ 45,135.225,315353 
NUMSET 128 • PERMUTED 8102~45,135,225,315300 

PHASES 10 11 545,135,225,315 301 

SIGMA-2 
NUMB 402" SIGMA-1 ~ ~1360' P=0"999360 180, P=0.998180 
NSRT 4000 12 O! 180, P=O.998 180 

NSRTOT 9~72 O 8! ~60, P=0.~4 ,~60 
5 CONVERGE ORIGIN 1 3 3 !  33 33 

PROB 0.95 DEFINING 681 315 (E) 275 
NSPECINGENTNANY 0,0,2 PHASF~S 2 9 7 4~,~1~ 67 

• FASTAN ' " PERMUTED ' 2 102'45~135,225,315' 95 
~ PHASES 4127 '45.135,225,315'193 

SIGMA-2 . 004360, P=O.999 
NUMB 402 SIGMA-1 600180, P=O.998 
NSRT 4000 12 O O 180, P=O.998 

NSRTOT 9~72 O O 8 ~60, P=O.974 
6 CONVERGE ORIGIN 1 33 33 

PROB 0.95 DEFINING 6 8 1 315 (E) 
NSPEC,NGEN,NANTOoO,3 PHASES 2 1~ ~ 45'315 

. . . .  FASTAN i 45,135,225,315 
NUMSET 128 ' PERMUTED ~ 9 4'45,135,225,315 

i PHASES 412745,135,225,315 

SIGMA-2 ; 0 o 4360, P=o.999 
NUMB i 402 " SIGMA-1 600180, P=0.998 
NSRT i 8000 1200180, P=0.998 

NSRTOT 9~72 O 08. ~60, P=O.974 
CONVERGE ORIGIN 6 8 1 275 

PROB 0.95 DEFINING 133 45 (E) 

NSPEC,NGEN,NANYOIOt2FASTAN PI~RMUTEDPHASES , ~ ~ 7 45,315 
' 4'&5,135,225,315 

NUMSET 32 PHASES 810245,135,225,315 

SIGMA-2 O O 4360, P=O.999 
NUMB 402 ' SIGMA-1 600180, P=0.998 
NSRT 8000 12 o o 18o, P=0.998 

NSRTOT , 9~72 O O 8, ~60, P=0.~74 
CONVERGE ORIGIN 6 8 1 275 

PROB 0.95 DEFINING ' 133 45 (E) 
NS  ,NG' .NAN..O,O, .FASTA. PHASES .  '45. 4 , 15 

135,225,315 
NUMSET 128" PERMUTED ' 8 lO 2 45,135,225,315 

I PHASES 1015545,135,225,315 

RESULTS MEAN 
PHASE SET FIGURES OF MERIT PHASE 

CONSIDERED ABS FOM PSI ZERO RKSID ERROR 
I I I I 

ALL 32: ~XIMUM 1.25OO 383.6 35.4673.7 
MINIMUM 1.14~8 . ~27.1 132.4861.8 

CFOM 1: 2.2133 '1.2317 361.8 '32.48'62.0 
CFOM 2-22,24-31: 1.2172- 370.0- :33.00-61.8- 

1.2016-2.O220 1.25OO 380.1 34.91 ~ 69.9 
CFOM 23: 1.5322 1.1438 327.1 33.8873.7 
CFOM 32:O.572 ~ 1.2046 383.6 L35.466~. 7 
PUBLISHED PHASES '0.9495 ' 151.5 23.21 13.3" 

PUB REFINED BY FASTAN 1.O816 172.9 

ALL 128: MAXIMUM 1.2515 386.2 
MINIMUM ,o.819~ 189 ~ 

OFOM 1: 1.9768 O.8196 194.1 
CFOM 2: 1.9630 O.8711 189.5 
CFOM 3: 1.8275 0.9533 220.2 
CFOM 4: 1.6872 1.1547 322.9 
CFOM ~: 1.6547 ,O.8724 , 229. ~ 
PUBLISHED PHASES 0.9495 151.5 

PUB REFINED BY FASTAN 1.0812 172.9 

ALL 32: MAXIMUM 1.2584 523.5 
MINIMUM O.8391 203.3 

CFOM 1: 2.0609 1.1351 409.9 
, CFOM 2: 1.7739 1.11h8 416.O 

CFOM 3: 1.7707 1.2428 493.7 
CFOM 4: 1.5979 1.2435 498.0 
CFOM ~: 1.5715 1.2534 501.0 
PUBLISHED PHASES 0.9602 150.7 

PUB REFINED BY FASTAN 1.0820 184.5 

ALL 128: MAXIMUM 1.2661 521.4 
MINIMUM 0.7942 191.7 

CFOM 1: 2.0163 '1.1088 ' 406.2 
CFOM 2: 1.9797 1.1104 415.5 
CFOM 3: 1.9254 1.2536 497.5 
CFOM 4: 1.9196 1.1119 433.6 
CFOM ~: 1.8886 1.2661 ~07.7 
PUBLISHED PHASES '0.9602 ' 150.7 

PUB REFINED BY FASTAN 1.O816 183.2 

21.4816.7 

3 5 . 4 6 7 7 . 0  
25.84 _ 56.5 
25.84 70.7 
27.3568.2 
28.98 58.3 
29.7974.4 
28.81 . 67.4 
23.21 13.3" 
21.5316.8 

42.7679.6 
38.6564.3 
38.6570.5 
39.5675.3 
39.8371.5 
4 0 . 4 9 6 7 . 9  
40.65 66.9 
38.17 22.8" 
3 5 . 7 4 2 7 . 1  

4 3 . 7 6 8 O . 7  
3 8 . 9 8 5 7 . 3  
38.9873.5 
39.0375.7 
39.5668.2 
39.0780.7 
39.7166.1 
38.17 ~22.8" 
35.6827.1 

ALL 32: F~XIMUM 1.2398 815.9 h2.5973.0 
MINIMUM 1.0022 , 327.) I~1.9~ 26.8 

CFOM 1: 2.1526 '1.0385 327.3 i31.95 '26.8 

CFOM 2: 1.8248 '1.0082 ' 406.7 32.3536.7 

CPOM ~: 1.51~9 1.OO60 
PUBLISHED PHASES 3.9105 

PUB REFINED BY FASTAN 1.O458 

360 ALL 128: MAXIMUM 1.2384 
180 MINIMUM 3.8~24 
18o CFOM 1: 2.0000 3.8524 
360. CFOM 2: 1.6281 3.9386 
33 CFOM 3: 1.6125 3.9073 

275 CFOM 4-127: 1.1589- ii.1994- 
67 J 1.5858 il.2384 
95 ~ CFOM 128: O.~62~ '3.~O67 

353 I PUBLISHED PHASES !3.9105 
193 i PUB REFINED BY FASTANI1.O452 

360i ALL 32: MAXIMUM 1.2163 
18(D I MINIMUM D.8~17 
180 4 CFOM 1: 2.0453 '3.8682 
360. CFOM 2-5: 1.7571- 1.2144- 
275 1.9026 1.2163 
33 CFOM 6: 1.7107 3.8517 
67 CFOM 7: 1.5620 3.8712 

353 ' PUBLISHED PHASES 'D.8634 
300 PUB REFINED BY FASTAN D.9467 

360 ALL 128: ~AXIMUM 1.2230 
180 MINIMUM 0.8110 
180 CFOM 1: 2.0018 '0.9698 
~60 CFOM 2: 1.9409 0.9644 
275 CFOM 3: 1.8194 0.8343 
33 CFOM 4: 1.7977 0.8313 
67 CFOM ~: 1.6~8~ 1.2222 

353 ' PUBLISHED PHASES '0.8634 
300 PUB REFINED BY FASTAN 0.9466 
355 

41~.7 
216.7 
301.8 

815.6 
4~9.4 
459.4 
568.1 
536.3 
781.6- 

815.6 
66~.~ 
216.7 
3o0.0 

835.7 
~8~.~ 
585.3 
825.1- 
835.7 

590.5 
6~0.1 
223.7 
284.6 

842.9 

~ 2~.1 
45.8 

646.2 
523.1 
523.7 
828.4 
223.7 
284.1 

35.35 
32.21 
31.44 

42.70 
~6.18 
36.18 
38.O7 
38.22 
39.27- 
41.49 

42.7O 
32.21 
31.41 

46.36 
40.01 
4(9.O1 
4o.86- 
41.54 

41.71 
41.99 
24.16 
24.17 

46.43 
36.20 
36.20 
35.68 
38.63 
38.75 
40.~ 
24.16 
24.15 

73.O 
16.5" 
22.1 

!73.o 
61 "7 
66.9 
71.5 
71.2 
61.7- 
73.0 

71 .O 
16.5" 
21.9  

i 

75.7 
57.3 
69.7 
67.6- 
73.1 

73.1 
57.3 
1 1 . 6 "  
15.8 

i 

77.9 
• 59.4 
73.0 
73.4 
74.7 
76.5 
68.2 

' 11.6" 
15.8 

E-MAPS 
OOHRECT PEAK~ 

TOTAL PEAK NUMBERS 

FAILURE 

33 1-18,22-25,28-31, 
33,39,57,62,70,71, 
?~ 

" I 
- FAILURE 

3 AS IN CASE 1 
i 

- FAILURE 

FA ILURE 

35 1-12,14-27,31,33, 
36,41,45-48,69 

32 1-9,11-13,15-18, 
20-23,28,29,31-33, 
36,38,39,41,59,70, 
74 

- FAILURE 

nxumz 

- F A I L U R E  

. 



544 THE A P P L I C A T I O N  OF P H A S E  R E L A T I O N S H I P S  TO C O M P L E X  S T R U C T U R E S .  IX 

~p(CALC) (the mean tangent formula phase shift) is 
given in Tables 2-7 for each value of N U M B  and 
NSRT as the 'mean phase error' for the published 
phases, and marked by an asterisk. To provide true 
comparison with the results from MULTAN, when a 
phase is restricted to only two possible values, 
~0(PUB)-~0(CALC) is taken as zero [or 180 °, if 
~0(PUB)-~0(CALC) exceeds 90°]. 

When not all the terms are included, the tangent 
formula still gives the most probable value for a phase, 

estimated from the terms available, but as the number 
of terms omitted from the summation increases, the 
chance of the most probable value differing widely 
from the true value also increases. Thus the choice of 
N U M B  must take into account another consideration. 
As N U M B  increases for a given structure, the total 
number of 72 relationships increases very rapidly, 
approximately as (NUMB) 3. The amount of space 
available to store these in the computer is limited, 
storage space for the 7.2 relationships forming the 

Table 6. TPH: C24H2oN2, C222,, Z =  12, N A T = 2 6 +  13=39 

$TK~I'ING SET 

c~, P ~  i ~A~IOMORP~ nX= B, (E) 
~rPz I ~' k iI P.I 'P~ 

l I i I [ l 

,i -2 t o, ' NUMB 243 ' ORIGIN 4 0 360 
NSRT 1 9 9 9  DEFINING 1 3 9 315 (E) 311 

! NSRTOT : 1999 : PHASES , 
• i i i 

1 ; CONVERGE 1226645,135,225,315222 
I PROB I 0.95 I PERMUTED I .2 15245,135,225,315135 I 

NSPEC,NGEN,NANT.O,O,3 . PHASES I 13 3 01 360,180 1180 
; FASTAN 

NUMSET 32 
, , , i , , 

SIGMA-2 SIGMA-1 I ~ 6 O, 180 ,3~O.~77  ,180 
' NUMB ' 390 ' ORIGIN 4 O 360 

NSRT 2000 DEFINING 139 315 (E) 311 
NSa~OT 75.58, ~HAsES , 

' CONVERGE t 0 30 2 360,180 180 
! PROB 0.95 PERMUTED ' 1226645,135,225,315222 
; NSPEC,NC~,NANY O,0.3. : PHASES ~ 12 36 O~ 360,180 1360 

FASTAN , 
NUMSET 16 

~IGMA-2 ~IGMA-1, 2 6 O, 180 ,3 ; ; 0 .977  ,180 
NUMB i 390 ORIGIN 34 O 360 
NSRT 2000 DEFINING 13 9 315 (Z) 311 

NSm'O~ 7.5~8 PHASES 
' CONVERGE 0 30 2 360,180 ' 180 

PROB 0.95 PERMUTED 1 2 2 6 6 4 5 , 1 3 5 , 2 2 5 , 3 1 5 2 2 2  
NSPEC~NGE~,NANY 2,O,2 : PHASES 1~ 36 O 360,180 360 

' FASTAN 25'45,135,225,315' 115 
i NUMSET 64 ' 

SIGMA-2 SIGMA-1 2 6 0 18013~:~)0.977 180 
NUMB 390 ORIGIN 34 O' ' 360 
NSRT 4000 DEFINING 1 39 315 (E) 311 

NSRTOT 7~.58 I PHASES 
CONVERGE 2 02 360,180 '360 

PROB 0.95 PERMUTED 3 1 5 2 4 5 , 1 3 5 , 2 2 5 , 3 1 5 1 3 5  
. NSPEC~NGEN~NANY O~0~ , PHASES 3 1 6,45,135,225,315111 

FASTAN 
NUggET 32 

i i i i i i 

SIGMA-2 SIGMA-1 2 5 60 180 ' 3P=O" ~ 7 7 6 0  180 
NUMB 390 ORIGIN 34 O' ' ~6o 
NSRT /4000 DEFINING 139 315 (E) 311 

NSRTOT i 7.558 , PHASES , 
CONV-~:E O 12 7 360,180 '180 

PRLB 0.95 PERMUTED 0 46 6 360,180 180 
. NSPEC~NGEN~NANY.2~O~2 . PHASES 315 245,135,225,315135 

FASTAN L 3 1 645,135,225,315111 
NUMSET r 64 I 

RESULTS , MEAN 

PHASE SET I ABS FOMIPSI ZEROIRESID ,PHASE 
:i FIGURES OF MERIT 

CONSIDERED ! ~OR 

ALL 32: MAXIMUM ,1.1123 !352.4 36.2686.4 
MINIMUM O.~8; 1.51.1 18.88 9.2 

C~0M 1:2.7745 ' 1.0257 151.1 '18.88 I 9.2 

CFOM 2: 1.6568 0.9031206.827.9562.9 
CFOM ~5: 1.6221 10.8909 , 204.9 128.16 ,66.5 
PUBLISHED PHASES 0.9662 138.6 19.96 ! 8.4" 

PUB REFINED BY FASTAN 1.0267 151.7 19.12 9.3 
i I i 

ALL 16: MAXIMUM ~ 1.O823 452.9 43.7087.2 
MINIMUM , 0.?655 . 187.0 .~7.31 . 70.8 

CFOM 1:2.0671 0.8981 231.6 38.48 7O.8 
CFOM 2: 2.0356 ,1.O823443.5 37.31 85.3 
CFOM 3: 1.9019 0.9430 268.5 39.5586.9 
CFOM 4: 1.8820 0.8627 196.6 39.7982.8 
CFOM 5: 1.8548 ,1.O685 , 452.9 ,37.9684.6 
PUBLISHED PHASES 0.9453172.3 36.31 16.5" 

PUB REFINED BY FASTAN 1.0039 179.9 35.2220.5 
i I i i 

ALL 64: MAXIMUM , 1.1610 520.2 45.3389.7 
MINIMUM 0.7.548 171.8 . ~?.OZ 63.5 

CFOM 1: 2.0822 '0.9054246.6 37.6~5 '71.2 
CFOM 2:2.0407 1.0877 443.1 37.0784.9 
CFOM 3:2.0078 tO.9418 265.9 38.5786.7 
CFOM 4: 1.9683 0.9342 267.2 38.71 87.1 
C~M ~: 1.9611 ,1-o8°8 ~8.~ ~7.46 ,84-8 
PUBLISHED PHASES 0.9453 ' 172.3 '36.3116.5" 

PUB REFINED BY FASTAN 1.OO44 179.9 35.1920.5 

ALL 32: MAXIMUM 1.2568 787.3 40.5589.7 
MINIMUM 'O.7681 309.2 34.7371.8 

CFOM 1: 2.0052 0.8052343.0 34.73 89.5 
CFOM 2: 1.8753 0.8295 375.7 35.3771.8 
CFOM 3: 1.8422 'O.7681 335.8 35.3286.7 
CFOM 4: 1.8256 1.2568 787.3 35.7488.4 
CFOM .51 1.8139 0.7829309.2 35.99 ~ 86.2 
PUBLISHED PHASES 0.9637 212.6 26.27:10.O" 

PUB REFINED BY FASTAN 1.Ol16 234.4 26.80 !IO.9 
' i ~ i i 

ALL 64: MAXIMUM 1.2603 787.2 [41.72 90.2 
MINIMUM 'O.66~O 284.2 ~5.2041.7 

CFOM 1: 2.1294 0.7970 ' 330.6 35.20 ~71.0 
CFOM 2: 2.0256 0.7799 329.6 35.7069.6 
CFOM 3: 1.9908 '0.7847 346.6 35.7668.3 
CFOM 4: 1.9606 O.8190 381.7 35.8874.5 
CFOM 5: 1.9427 1.2603 787.2 35.5788.4 
CFOM 6: 1.9058 0.7839 328.6 36.5482.4 

, CFOM 7: 1.80266 .O.757O . 326.8 .36.3390.0 
CFOM 8: 0.7278 36.31 41.7 1.8910 306.6 

SIGMA-2 i , SIGMA-I , 2 6 O 180'3P=O'97760 180 
NUMB 390 ORIGIN 345 0 ' '360 
NSRT 7558 DEFINING 139 315 (E) 311 

NSRTOT , 7~5.58 , PHASES 6 ' 
CONVERGE ~ 1226 45,135,225,315~222 

PROB 0.95 =PERMUTED 42545,135,225,315115 
NSPECrNGEN~NANY 0,O,3 PK~$~ 315245,135,225,315135 

FASTAN 
NUMSET 64 'I 

sIGMA-2 , , sIGMA-1 2 ~6 0 1~0,3~0.977~ 180 
NUMB 3900 ORIGIN 134 o I i360 
NSRT 7558 DEFINING I 3 9 315 (E) 311 

NSRTOT 17.5.58 1 PHASES 11226 6145,135,225,315i222 
CONVERGE 

PROB ' 0.95 n PERMUTED 012 7 360,180 180 
NSPEC~NGENINANYI2,0,2 PHASES 315 245,135,225,315135 

FASTAN I 0164 360,180 360 
NUMSET 1 64' 

CFOM 9: 1.8894 '0.9658 ' ~O9.6 '~6.29 
PUBLISHED PHASES '0.9637 ' 212.6 '26.27 

PUB REFINED BY FASTAN 1.0117 234.3 26.80 

ALL 64: MAXIMUM 1.1576 811.5 41.72 
MINIMUM i 0.64781320.O • 33.42 

CFOM 1: 2.1433 '0.8968 ' 489.6 33.42 
CFOM 2: 2.0463 0.8878 528.0 33.43 
CFOM 3: 1.8094 1.0021 556.2 36.78 
CFOM 4: 1.8OO4 0.9983 567.3 36.61 
C~0M 5: 1 .?8.591.OO32 568.0 .36.80 
PUBLISHED PHASES 0.9805 214.8 17.79 

PUB REFINED BY FASTAN 1.O199 232.7 18.29 

ALL 64: MAXIMUM 1.3734 805.1 42.28 
MINIMUM 0.7349 . 366.4 .31.16 

CFOM 1: 2.O145 O.7571 ' 375.2 '31.16 
CFOM 2: 2.0018 0.7550 366.4 31.49 
CFOM 3: 1.9334 0.7530 382.3 31.82 
CFOM 4: 1.8508 0.8959 488.9 32.52 
CFOM .5: 1.7937 0.9588 478.2 34.52 
PUBLISHED PHASES 0.9805 214.8 1"2.79 

PUB REFINED BY FASTAN 1.0199 232.7 18.29 

87.7 
10.O" 
10.9 

90.5 
67.8 
90.1 
87.5 
89.4 
90.2 
90.5 
7.1" 
8.2 

90.9 
59.4 
70.5 
69.4 
71.9 
85.6 
~.7 
7.1" 
8.2 

E-F~PS 
CORI~C~PF, AF~ 

T ~ L L r  I PEAK NUMBERS 

25"+13 1-13,15-18,20-25, 
=38 27,29-33,39-41,46, 

,47,54,59,60,62 

- FAILURE 

FAILURE 

- FAILURE 

21+11'1-19,21,23,26,31, 
=3233,34,36,39-41,43, 

48,7~ 

FAILURE 

- F A ~  
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major portion of the space required by the MULTAN 
program. Only the most reliable 7.2 relationships, 
those with the largest x, can be stored. The inability 
to store all the 7.2 relationships unless their number 
is kept low means that not only does the user by his 
choice of E values define the structure to be solved 
but may also be forced to choose the particular set of 
probabilistic equations which will be used to solve it 
from among the complete set of existing equations. 
One may then ask, first, whether the partial set of 
equations relating the phases of the NUMB E values 
has a solution near the true solution, and second, if so, 
whether it is possible to arrive at it using the 
algorithms in M U L T A N .  

If not all the ~2 relationships can be stored, keeping 
the most reliable relationships is incompatible with 

being able to determine all phases equally well. The 
smaller E values will tend to have fewer of their ~2 
relationships retained, and will therefore tend to be 
eliminated sooner during the convergence procedure 
and appear near the top of the convergence map. The 
fewer ~2 relationships retained, the worse will tend to 
be the determination of a given phase with the tangent 
formula; the tangent-formula phase shift defined above 
sets the limit on the accuracy possible with the terms 
which are included. 

This is shown in Figs. 1-4 (LITH, MINA, RR, TPH 
respectively), where, for all the combinations of 
NUMB and NSRT investigated, the mean tangent 
formula phase shift is plotted versus decreasing 
magnitude of E, represented by code numbers de- 
noting E magnitude ranking. Means were calculated 

CASE 

Table 7. AZET" C21H~6C1NO, Pca2,, Z =  8, N A T = 2 4 + 2 4 = 4 8  

STARTING SET 
PARAMETERS ~ANTIOMORPH FIXED BY (E) 

TYPE h k 1 PHI 

SIGMA-2 SIGMA-1 0 4 0 360, P=I.000 
NUMB 240 O 6 0 180, P=1.000 
NSRT 4046 ORIGIN 15 3 1 353 

NSRTOT 4046 DEFINING 11 3 2 225 (E) 
CONVERGE PHASES 2 ~ 4 4~,~1.,5 

PROB 0.95 2 70 36o,180 
NSPEC:NGEN,NAN~ 0.0.3 PERMUTED 9 8 2 45,135,225,315 

FASTAN PHASES 9 3 4 45,135,225,315 
NUMSET 64 

SIGMA-2 SIGMA-1 0 4 0 360, P=1.000 
NUMB 300 O 6 0 180 t P=I.0OO 
NSRT 4000 ORIGIN 17 3 3 23 

NSRTOT 7425 DEFINING 2 5 4 315 (E) 
CONV~mGE pHAsES 9 ~ 4 4~,~1~ 

PROB 0.95 2 7 0 360,180 
NSPEC,NGEN,NANY 0,O,3 PERMUTED 8 2 0 360,180 

FASTAN PHASES 9 8 2 45,135,225,315 
NUMSET 32 

RESULTS MEAN E-MAPS 
PHASE SET FIGURES OF M]~IT PHASE CORRECT PEAKS 

CONSIDERS) AES 15014 PSI ZERO RESID ERROR TOTAL PEAK NUMBERS 

360 A%L 64: MAXIMUM 1.8106 477.8 33.65 72.4 
18o MINIMUM 1.5235 47~. 7 27.54 3~.1 rAILDRE 
i353 C~ 1-57: 1.9672- 1.8064- 473.7- 27.54-33.1- 
1249 2.9861 1.8106 477.3 28.46 44.0 FOR TYPICAL E-MAPS 
516 CFOM 58-64: 0.0000- 1.5235- 475.4- 33.00-70.9- - SEE BELOW 
560 0.6773 1.5267 477.8 33.65 72.4 
52 PUBLISHED PHASES 1.3516 255.8 20.83 13.5" 44 SEE BELOW 

288 PUB REFINED BY FASTAN 1.8101 474.0 27.64 33.5 

SIGMA -2 
NUMB 

SIGMA-2 SIGMA-1 O 4 
NUMB 4OO 0 6 
NSRT 8000 ORIGIN 17 3 

NSRTOT 16274 DEFINING 9 3 
CONVERGE PHASES 7 2 

PROB 0.95 2 7 
NSPECINGENINANY 2.0.2 PERMUTED 8 2 

FASTAN PHASES 2 5 
Nm(SET 64 9 8 

360 ALL 32: MAXIMUM 1.8116 632.7 46.40 80.3 
180 MINIMUM 1.1814 4~0.~ 35.42 39.6 
23 CFOM 1-16: 1.9313- 1.8065- 625.2- 35.42- 39.6- 

316 2.O351 1.8116 632.7 36.23 46.8 
Z88 CFOM 17-28: 1.5418- 1.%83- 614.4- 36.47- 73.0- 
560 1.6519 1.5724 618.3 37.44 76.6 
180 CFOM 29-32: 0.7158- 1.1814- 490. 3- 44.92- 76.9- 
52 I.o~4 1.22Ol ~2.6 46.~c 80.~ 

PUBLISHED PHASES 1.3748 316.5 28.50 15.4" 
PUB REFINED BY FASTAN 1.8092 625.3 35.45 !38.O 

SIGMA-1 O 4 0 360, P=I.000 360 
300 O 60 180, P=I.OOO 180 

NSRT 7425 ORIGIN 
NSRTOT 7425 DEFINING 

CONVERGE PHASES 
PROB O. 95 

NSPECINGENINANY 0.0.3 PERMUTED 
FASTAN PHASES 
NUMSET 32 

17 3 3 23 23 CFOM 1-23: 1.9493- 
2 5 4 315 (E) 516 2.O715 
7 20 180 180 CFOM 24-28: 1.2539- 
2 7 0 360,180 ~60 1.2943 
9 8 2 45,135,225,315 52 CFOM 29-32: 0.9478- 

FAILURE 

FOR TYPICAL E-MAPS 
SEE BELOW 

SEE BELOW 

ALL 32: MAXIMUM il.8255 646.4 40.67 i 81.9 
MINIMUM 1.2828 593.0 32.01 39.3 FAILURE 

1.8236- 642.4- 32.01-39.3- - 
1.8255 646.4 32.4c. 46.8 FOR on~PIcAL E-MAPS 

1.5443- 631.1- 36.12-73.7- - SEE BELOW 
1.5449 632.1 36.3C 74.9 

1.2828-593.0- 39.59- 81.5- - 
3 1 2 45,135,225,315 67 1.1378 1.3OO1 598.5 40.69 81.9 

PUBLISKED PHASES 1.3464 316.4 22.67 13.7" 46 SEE BELOW 
PUB REFINED BY FASTAN 1.8241 642.4 31.95 38.5 

O 360, P=I.000 360 ALL 64 NOT DEVELOP~nl . . . .  
O 180, P=I.000 180 STARTING SET PHASES 
3 23 23 CLOSEST TO THEIR 1.8305 897.9 39.66 45.2 - FAILURE 
4 315 (E) 288 PUBLISHZD VALUES 
O 180 180 PUBLISHED PHASES 1.3937 445.7 31.16 14.O" 24+2"3 1-19,21-32,34-37, 
0 360,180 560 =47 39,40,42,43,46,48, 
O 360,180 180 50,56,58,60,61,67 
4 45,135,225,315 316 (I,2=CI) 
2 45,135,225,31.5 52 PUB REFINED BY FASTAN 1.8295 895.6 39.43 39.1 

RESULTS 
CASE PHASE SET FIGU~ES OF M~IT 

CONSIDERED ~BS FOM PSI ZERO RKSID 

CFOM 1:2.9861 1.8098 473.7 27.61 
I CFOM 2:2.9814 .8O95 473.7 27.54 

CFOM ~: 2.9127 1.8100 473.9 27.70 
PUBLISHED PHASES 1.3516 255.8 20.83 

CFOM 1:2.0351 1.8105 627.4 35.42 
2 CI~0M 2:2.0336 1.8111 627.5 35.43 

CFOM ]5:2.0318 1.8109 627.7 35.44 
PUBLISHED PHASES 1.3748 316.5 28.50 

CFOM 1:2.0715 1.8242 642.4 32.01 
3 CFOM 2:2.0633 1.8246 6~2.8 32.03 

CFOM ~: 2.0607 1.8249 642.9 32.0~ 
pUBLIsHED PHASES 1.3464 316.4 22.67 

4 PUBLISHED PHASES 1.3937 445.7 31.16 

I MEAN TYPICAL E-MAPS 
PKASE i CORRECT PEAKS 
~ROR TOTAL PEAK NUMBERS 

37.0 14+13=-27 
33.7 16+14=3o 
38,5 14+12=26 
13.5" 24+20=-44 

42.7 17+1o=-27 
43.5 14+ 9=-23 
43.5 11+ 9=-20 
15.4" 23+23=46 

41.8 14+13=27 
46.2 14+1o=24 
46.8 14+12=26 
13.7" 23+23=46 

14.0" 24~23=47 

1-5,7,9,19,21,24-27,29,37,43,44,46,52-54,60,64,65,70,84,90 
1-6,8,11,15,20,21,25,30,33,35,36,38,46-49,53,58,72,73,75,77,80,90,96 
1-4,6,7,11.14o20,24,25,27,31,32,35,37,39,50,52,53,60,62,70,76,77,95 
1-15,17-19,22-24,26-29,31-33,37,39,41,44,46-48,50,51,54-56°58,67,69,93 

(1,2=CI) 
(1,4=CI) 
(1,2=CI) 
(1,2=Ci) 

1-4,7,8,10,11,19,25,26,28,31-33,39,46,52,59,60,62,65,66,72,73,94,95 
1,2,4,7,8,11,17,18,26,30,33,37,40,42,45,49,52,55,56,63,68,93,95 
1,2.4,6.8,9°13,16,18,23,32,35,36,52,70,75,84,8~,87,9~ 
1-12,14,16-18,20°22,30,33,35,37,40-45,47,49,50,53,56-59,82,86,96 

(2,3=013 
(I,8:CI) 

(2,18=CZ) 
(1,2=CI) 

1-3,5,7,11,14,15,19,23,25,28,31,32,36,38,43,44,49,54,57,67,69,71,72,84,85 (2,3=CI) 
1-6,13,17,21,33-35,39,40,47,48,53,58,59,70-72,76,93 (2,4=CI) 
1,2,4,5,8,9,12,14,15,17,30,33,38,45,51-53,56,61.62,78,82~92-9~ (2,~=CI) 
1-12,14,16-18,20,22-30,33,35,37,40-45,47,49,50,53,56-59,82,86,96 (I,2=CI) 

1-19,21-32,34-37,39,40,42,43,46,48,50,56,58,60,61,67 (1,2=C1) 

A C 32A - 2 
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for overlapping batches of 20 reflexions. For sets of 
complete ~.2 relationships, the phase shift is small and 
relatively uniform with decreasing IE[ and up the 
convergence map. As the number of ~.z relationships 
is restricted, the phase shift tends to increase with 
decreasing ]El and towards the top of the convergence 
map. The phases at the top of the convergence map, 
although they may be far from correct, are recycled 
and used in refining already determined phases at the 
bottom of the map. It is not hard to see how this 
process could lead to divergence of the entire phase 
set from approximately correct values, even though 
the initial phase development may have been quite 
accurate. On the other hand, if the initial phase 
development is only moderately good, having sufficient 
Y.2 relationships may allow a better chance of refine- 
ment to quite accurate phases, with the phase errors 
distributed roughly evenly among all the reflexions. 

The user's aim should therefore be, according to the ~ "~ 
¢ w  

size of the structure to be solved and the computer o 
storage available, to use only as many  E values as 
necessary but as man), ~,2 relationships as possible, ~ ~o 
preferably all. This is the only way with the algorithms 0," 
presently in the M U L T A N  program to ensure that the 
ratio of ~z relationships to E values is as uniform as ,,. 1~ n 

possible and thus that the tangent formula phase shift < 
is as low and as uniform as possible. One should avoid 
having convergence maps with long narrow tails at ~ 1o 
the top, since adding to the number of E values with- 
out being able to use the equations necessary to deter- 
mine their phases at all well may not improve the °z 
definition of the structure in the Fourier map but only 

7 

increase the noise, and actually yield diminishing < 
returns. The various cases in Tables 3-6 (LITH, -~ o 
MINA, RR, TPH respectively) show the increased 
l ikelihood of success when the set of ~.z relationships 
used is complete or at least reasonably large, which 
can be achieved either by increasing NSRT or by 
decreasing NUMB, when possible. 

This approach is fundamental to the intelligent use 
of M U L T A N .  Structures may be and quite often are ~ " 
solved when the parameters NUMB and NSRT are 
not ideal, but in case of failure, improving the choice 
of these two parameters may be the best first change to ~ "~ 
make, and they should be kept at sensible values to ,5 
form a reliable basis for any other attempts at changed 
or improved tactics if these are required. ~ 1: 

Because the convergence map differs, in general, for < 
each different choice of parameters, the path of phase 
determination may in one case encounter a favourable ~ ,o 
and in another an unfavourable sequence of invariants. 
Thus a number of attempts at solution may often be 
necessary, and the user should not be discouraged too ~z 
easily. Even with a fairly easily solvable structure like • 7 

MINA, an 'unlucky' convergence map led to failure 
in the initial attempt (Table 4, case 2) while all other :~ o 
choices of parameters yielded the solution• More 
difficult structures, like RR (Table 5) and TPH 
(Table 6), clearly present more formidable obstacles to 

be got round, and most attempts at solving them 
failed, but even these two structures eventually yielded 
to persistence. 

Other tactics: acceptance of ~ indications 

Occasionally a ~ phase indication of high probability 
is incorrect. For E-set 1 of INOS, the ~ formula, with 
two contributors among the largest 260 E values, 
indicates that the phase of 008 is 360 ° with probability 
0.999, but this is incorrect, and is an obstacle to correct 
phase determination (Table 2, case 1). If PROB is 
raised to 1.0 (Table 2, case 2), this false ~.~ indication 
is not accepted, and 008 no longer appears in the 
starting set. ~.2 invariants of 180 ° still prevent a com- 
pletely successful phase determination, but now the set 
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Fig. 1• LITH: mean tangent formula phase shift vs. decreas- 
ing IEI. 

MINA 

182 E / I s o s  ~'= 
. . . . . . . .  28o E /  ls4o ~r= ^ 
. . . . . . .  =00 E /~ '000  Z=  ,' " 

2so E / / 4oo0  ~ ' ,  ^ ,  / \ , . ,~  
° ' • ' "  ' ' " . "  .,f ,4 

,~ ",.r ';V 

,!/... " .  '7"\ 

, ' F ' .  ' . "  " \ 
b t ; .  . . . . . . . .  " 

., • ...."..." "*._'. • ... . 

20 I (~0 1 I(~0 1 140 I 1 1~0 1 2120 f 2~0 

E C O D E  N U M B E R  

15 

o< 

5 

Fig. 2. MINA" mean tangent formula phase shift vs. decreas- 
ing [El. 
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with the highest CFOM gives an image of the structure 
in the E map, displaced from its correct position by an 
average A y = - 0 . 3 3 .  This must be counted a partial 
success, since there are several procedures for finding 
the correct positions of molecules once their orienta- 
tions are known. Two similar recent instances which 
may be cited are those of avicennin (C20H2004, P]', 
Z = 2 )  (Ting & Marsh, 1974), with an incorrect ~l  
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indication of probability 0.98, and of diphenyl-A z- 
pyrazoline (C15HlaN2, P 2 , / c ,  Z = 4 )  (Duffin, 1968; 
Gassman & Zechmeister, 1972), with an incorrect ~,  
indication of probability 0-97. In both these cases the 
E maps showed multiple shifted images of the struc- 
ture. 

There is of course no simple way of knowing whether 
a ~1 indication is correct or not. If examination of the 
convergence map shows that a phase accepted from a 
~ indication enters in an important way into the 
early stages of phase determination, then the tactical 
choice of PROB can be a significant one. Increasing 
PROB and not accepting some ~a indication can help 
if the indication is wrong, but may hurt if it is right; 
one can only attempt the phase determination both 
ways and see. 

Other  tact ics:  increasing the starting set  

An evident tactical change in case of failure is to take 
more unknown phases, to be permuted, into the 
starting set. This was successful with INOS (Table 2, 
cases 5 and 6 vs.  cases 3 and 4), LITH (Table 3, case 3 
vs .  case 2, case 5 vs .  case 4), MINA (Table 4, case 3 
vs.  case 2), and, to a lesser extent, TPH (Table 6, 
case 5 vs .  case 4). At first sight, the increased chance 
of success might seem to be only a matter of increasing 
the amount of phase information at least approxim- 
ately known at the outset, and increasing the con- 
straints on phase development, since the starting-set 
phases are kept fixed until the final cycles of phase 
determination and refinement. Very often this is indeed 
what happens, but in general the phase determining 
process with M U L T A N  can be rather more complex 
than that. 

It is n o t  true that the starting set with phases closest 
to their true values is always the one which develops 
into the correct solution. This is because the invariants 
encountered in the convergence map, even toward the 
beginning, may differ substantially from zero. Multi- 
solution numerical phase development makes a certain 
allowance for this (albeit in a somewhat haphazard 
way), since permutation of the values assigned to 
unknown p h a s e s  in the starting set amounts to the 
exploration of a range of possibilities for the structure 
i n v a r i a n t s .  An accurate starting set may diverge from 
the correct solution, while a fairly poor starting set, 
because of the distribution of invariants encountered 
in the course of phase development, may finally 
converge to the correct set of phases. This makes the 
permutation strategy more powerful than is at first 
evident, and happens often enough to make it the 
strongest single argument in favour of the numerical 
multisolution approach as opposed to symbolic addi- 
tion (Karle & Karle, 1966). 

The reasons why adding more unknown phases to 
the starting set increases the chances of success should 
now be clear. However, any change in NSPEC, 
NGEN, NANY will in general alter the convergence 

A C 3 2 A  - 2 *  
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map and thus change the path of phase development 
which it determines. This means that occasionally a 
phase determination with f e w e r  reflexions in the 
starting set will succeed while one with more reflexions 
will fail, as happened with RR (Table 5, case 5 vs. 

case 6). 
The previous discussion of the choice of NUMB 

and NSRT is relevant as well to a consideration of 
practical limitations on increasing the number of un- 
known phases in the starting set. The time necessary to 
run the M U L T A N  program consists of a relatively 
short block used in finding the )'2 relationships and 
performing the convergence mapping plus a generally 
much longer block used in developing all phase sets 
with F A S T A N .  The length of this second block is 
proportional to NUMSET, and the time needed for 
each phase set is proportional to NSRT. Therefore, 
if NSRT is to be a large fraction of NSRTOT, as it 
should, the choice of a smaller NUMB allows a greater 
number of unknown reflexions to be added to the 
starting set before practical limitations on computing 
time are reached. Choice of a smaller  NUMB thus 
makes M U L T A N  a more powerful program in prac- 
tical terms. 

NUMSET increases by a factor of four for each 
general reflexion and two for each special reflexion 
added to the starting set, so the user can also take 
advantage of special circumstances to increase the size 
of the starting set while keeping NUMSET within 
reasonable bounds. When a phase determination fails 
for a structure like TPH, space group C2221, having 
large numbers of special reflexions with high E values, 
the user can specify that reflexions added to the 
starting set be special. This is shown in Table 6, where 
case 4, NANY = 3, NUMSET = 32, is a failure, whereas 
case 5, NSPEC=2 ,  N A N Y = 2 ,  N U M S E T = 6 4 ,  gives 
one phase set for which most of the asymmetric unit 
is easily recognizable in the E map, and from which the 
complete structure is readily found. This case inci- 
dentally illustrates the practical importance of being 
able rapidly to compute, examine, and interpret large 
numbers of E maps (Declercq, Germain, Main & 
Woolfson, 1973; Koch, 1974). The best set in case 5 
still has significantly large phase errors in it (mean 
phase error 41.7°), and its astonishingly low ABS FOM 
places it eight in CFOM ranking, for which reasons it 
could easily have been overlooked if computing and 
examining E maps were a lengthy and tedious opera- 
tion. 

The difficulty in solving RR clearly illustrates the 
practical limits on the tactical choice of increasing the 
starting set which arise from the strategy of indepen- 
dently permuting the phases of the unknown starting 
reflexions. Because there are very few special reflexions 
with large E values for RR, for sensible phase develop- 
ment not only must all the unknown phases in the 
starting set be general (each new one taken multi- 
plying NUMSET by a factor of four), but the origin 
must be defined using three general reflexions as well. 

One of these can be assigned an arbitrary phase, the 
second can have its phase restricted to define the 
origin and enantiomorph, but the third must be given 
two values to ensure that one of the values corre- 
sponds to the enantiomorph defined by the second 
phase. Thus, with the origin defined in this manner, to 
have just three unknown phases in the starting set for 
RR requires the development of 128 phase sets, which 
is a large computing job. If such an attempt fails, as in 
fact it did (Table 5, cases 2, 4, 6, 8), a decision to add 
one more unknown phase would mean having to 
compute 512 sets of phases, a number impracticable 
for most users. 

An improved strategy which has been developed to 
overcome the limitations of independent permutation 
of unknown phases is the 'magic integer' technique 
(White & Woolfson, 1975; Declercq, Germain & 
Woolfson, 1975). This is a method of correlating the 
values of the unknown phases with ~2 relationships 
and then choosing only those sets of values which 
best satisfy the requirement that these ~2 invariants 
be near zero. When only the most likely combinations 
of the unknown phases are selected in this way, a much 
larger number of phases, say 10-30 or more, can be 
used while keeping NUMSET about the same as it 
would be using only three or four independently 
permuted phases in the present version of M U L T A N .  
The 'magic integers' strategy is therefore in general 
more powerful than the independent permutation 
strategy. 

The inadequacy of the tangent formula: 
an ultimate limitation on the M U L T A N  strategy 

Examination of the results of attempts to solve the 
structure of AZET with M U L T A N  (Table 7) shows 
that to have any hope of a successful phase determina- 
tion we require a third property of the defined struc- 
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ture, namely, stability of the true phase set under 
tangent formula refinement. For AZET, the first two 
requirements are met. The structures defined with the 
240, 300, and 400 largest E values (Table 7, cases 1, 2, 
and 4 respectively) are all readily interpretable in 
terms of the actual structure. Likewise, the mean 
tangent-formula phase shift for the published phases 
(Table 7, cases 1-4, and Fig. 5), which sets an absolute 
limit on the possible accuracy of phase determination, 
is quite low. 

In practice, however, the actual limit of accuracy to 
be expected when phases are determined by M U L T A N  
is given by a quantity listed for each case in the tables, 
the mean phase error resulting when the published 
phases are refined by FASTAN.  This is borne out by 
examining all the successful phase determinations for 
the five structures previously discussed. For these 
structures, whether the phase determination was 
successful or not, in every case the mean phase error 
for PUB refined by F A S T A N  is only slightly higher 
than the mean tangent formula phase shift for PUB, 
and the figures of merit for the former remain close to 
those for the latter. 

For AZET, however, this is not so. The published 
phases for AZET are simply unstable under the opera- 
tions of FASTAN,  and diverge from their true values to 
a mean phase error much higher than the mean 
tangent formula phase shift. The results from 
M U L T A N  are in fact as good as could be expected, 
but the best phase sets give very poor, fragmentary, 
and unrecognizable representations of the structure 
(Table 7, cases 1, 2, 3, typical E maps). Similar diver- 
gence of published phases refined by F A S T A N  is re- 
ported for the potassium salt of alborixin 
(C48H83OI4K, P2t, Z = 2 )  (All6aume, Busetta, Farges, 
Gachon, Kergomard & Staron, 1975; Busetta, 1976). 
(Note that this behaviour cannot be ascribed merely 
to the presence of heavy atoms, since M U L T A N  
routinely solves similar structures, sometimes with the 
heavy atom a larger fraction of the total scattering 
matter, as, for example, 2,4,6-trimethyldiphenyl sul- 
phone (CtsH1602S, Pn2~a, Z=8)  (Chawdhury, 1976). 
Note also that the two chlorine atoms in AZET do 
not in general show up as the highest two peaks in the 
E maps.) 

There thus exist crystal structures which it is im- 
possible to solve with MULTAN.  Conceivably this is 
due to poor or not universally applicable tactics in 
FASTAN,  but more likely it is because the funda- 
mental M U L T A N  strategy, use of the tangent formula 
for phase determination and refinement, is inadequate 
(cf. Gassman & Zechmeister, 1972). To revise 
M U L T A N  we must seek other phase-determining 
strategies which contain constraints to prevent 
instability of the sort seen with AZET, which can be 
programmed and made automatic, and which we 
would like to be not excessively costly in computer 
time compared with the rapid and convenient tangent 
formula. 

Future strategies 

Several more powerful general phase-determining 
formulae have been proposed. Extended tangent 
formulae, containing quartet structure invariants, of 
the form 

tan ~0h = 

Z ]4"hk sin (~Ok "~" (flh--k) "~" Z Z Whkl sin (~k +~O~-~- (f lh-k-l)  
k k ! 
Z H2hk COS ((ilk + ~h-k)+  Z-~-~lhkl-c-OS (~k +-~, ~ ~h-k- l )  
k k 1 

can be derived from (a) requiring that the integral of 
the square of the difference between the squared 
defined structure and the defined structure, properly 
scaled, be a minimum (Allegra & Colombo, 1974); 
(b) considering the conditional probability distribu- 
tion of the quartet structure invariant given the 
magnitudes of the four E values (Hauptman, 1975a, b); 
or (c) applying the maximum determinant rule (Tsou- 
caris, 1970) to an order-4 Karle-Hauptman matrix 
(Main, 1975). 

The maximum determinant rule can of course be 
applied to matrices of increasingly high order, and 
expressed as a general nth-order tangent formula 
(de Rango, Tsoucaris & Zelwer, 1974; Mauguen, 
de Rango & Tsoucaris, 1973). Higher-order phase- 
determining formulae of quite general types can also 
be formulated conveniently by considering the pro- 
cess of phase correction in direct space (Gassman & 
Zechmeister, 1972). The approach in all these cases is 
to develop more powerful phase relationships among 
the large E values defining the structure. 

A different tack, however, is strongly suggested by 
the behaviour of the figures of merit when the 
published phases are refined by FASTAN,  compared 
with the values for the published phases themselves. 
For both AZET and the potassium salt of alborixin 
(Busetta, 1976) this leads to a most unusually large 
absolute figure of merit, coupled with a greatly in- 
creased ~o figure of merit. In other words, application 
of the tangent formula drives the true phases to values 
which make the ~2 relationships among the largest E 
values very consistent, the invariants much more 
narrowly distributed about zero than they in fact are, 
at the expense of failing to satisfy nearly as well the 
Sayre's equations for the smallest E values, which are 
used only t~a calculate ~u0 but not for phase develop- 
ment itself. The most promising future strategies for 
M U L T A N  might thus be methods which could in- 
corporate the smallest E values into the phase de- 
velopment procedure in a way which would constrain 
the phases of the largest E values. This would use 
more of the complete data set, in such a way as to 
impose on the defined structure the additional require- 
ment of a correspondence to properties of the actual 
structure more strict and of a different kind than simply 
a reasonably good 1 : 1 match of the largest peaks. 
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The basis of one such approach, the use of quartets 
with probably negative cosines, has recently appeared 
(Hauptman, 1975a, b). From a consideration of con- 
ditional probability distributions involving seven 
structure factors, Hauptman has shown that a quartet 
structure invariant may be distributed about any value 
between 0 ° and 180 °, depending on the magnitudes of 
both the four E values of the quartet and the three E 
values of the cross terms. In particular, the larger the 
former and the smaller the latter, the more narrowly 
the quartet is. distributed about 180 °, in sharp contrast 
to the prediction of a distribution with a maximum 
always at 0 ° when only the four magnitudes of the 
quartet are considered. Taking into account the 
smallest E values thus clearly does change the relations 
which the phases of the largest E values must satisfy, 
and would constrain the phase development if these 
'negative quartets' were incorporated into the pro- 
cedure. It seems likely that in the immediate future at 
least some improvements in phase development 
procedures will occur along these lines. 
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